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It has been rigorously proved in the context of quantum field theory in Minkowski spacetime that
the vacuum state is a thermal state (with nonzero temperature) according to uniformly accelerated
observers. This result is known as the Unruh effect. Recent claims, however, have challenged the
validity of this result for extended systems. Here we investigate the behavior of a simple uniformly
accelerated extended system, locally coupled to quantum fields in the vacuum state. We show that
the reduced density matrix which describes the accelerated system evolves to a Gibbs thermal state;
in other words, the vacuum state does induce thermalization of an extended accelerated system —
which is all one can expect of a legitimate thermal reservoir. Notwithstanding this, by calculating
the decoherence/relaxation time scales as a function of the system’s acceleration, we also show that
similarities with inertial thermal baths hold beyond equilibrium results.
I. INTRODUCTION
Soon after S. Hawking published his seminal result
on particle creation due to black hole formation, lead-
ing to the phenomenon of black hole evaporation [1],
W. Unruh clarified the relative character of the parti-
cle concept in the context of quantum field theory in flat
spacetime by showing that the vacuum state — which
represents absence of particles according to inertial ob-
servers — corresponds to a thermal bath with temper-
ature TU = h̵a/(2pickB) for uniformly accelerated ob-
servers [2], where a is the observer’s proper acceleration
(h̵ is the reduced Planck’s constant, c is the speed of
light, and kB is the Boltzman’s constant). This result
has become known as the Unruh effect (see Ref. [3] for a
comprehensive review). Although some deep connections
may be established between Hawking’s result and the Un-
ruh effect — and, in fact, the former served as motivation
for Unruh’s analysis —, the latter is not as well known as
the former. This is somewhat unfortunate because some
conceptual issues raised by black hole evaporation can
be better understood through the lens of Unruh’s result
— e.g., that the possibility of Hawking radiation being
in a mixed state does not violate any quantum princi-
ple (therefore, no information-loss “paradox” is present).
But even among those who are familiar with the Unruh
effect, not rarely it is misinterpreted as if saying that the
thermal bath experienced by accelerated observers in the
vacuum state of a quantum field would be indistinguish-
able from a thermal state of the same field at temperature
T = TU according to inertial observers — which is a false
statement. This confusion has misled some to challenge
or restrict the validity of the Unruh effect based on non-
local observables (e.g., two-point correlation functions)
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which behave differently in these two situations [4, 5].
In addition to clarifying this confusion, here we analyze
an extended system composed of two uniformly acceler-
ated spins, separated by a distance d (in their accelerated
rest frame), directly coupled to each other and locally
(and weakly) coupled to quantum fields in the vacuum
state. We focus attention on the reduced density matrix
of the accelerated-spins’ system and show that it evolves
to an equilibrium state which is exactly the one which
would be expected if the system were in contact with a
thermal bath with temperature T = TU ; in other words,
we show that the spins’ system thermalizes at a nonzero,
well-defined temperature due to the vacuum fluctuations
it experiences in its accelerated rest frame. This corrobo-
rates the view that although one might construct observ-
ables which distinguish the Unruh thermal bath from an
ordinary (i.e., inertial) one at the same temperature —
which, we stress, is not in conflict with the Unruh effect
—, the former does act as a legitimate thermal reservoir
also for extended systems.
The paper is organized as follows. In Sec. II we present
the setup consisting of two spin-1/2 point particles di-
rectly coupled to each other (providing a simple, yet use-
ful model of an extended system) and locally coupled to
quantum fields. The evolution of the reduced density
matrix describing the (open) spins’ system is obtained in
the Markovian regime. In Sec. III we apply the results
obtained in the previous section to the case of uniformly
accelerated spins in the vacuum, considering both sce-
narios: (i) spins with equal proper accelerations and (ii)
spins with different proper accelerations (hence, each un-
der the influence of a different Unruh local temperature).
In Sec. IV we revisit the main conclusions drawn along
the text. We adopt natural units in which h̵ = c = kB = 1.
II. THE SETUP
Let us consider two spin-1/2 point particles, A and B,
whose spins ˆ⃗sA and ˆ⃗sB are directly coupled to each other
via, say, the (free) Hamiltonian Hˆ0 = −JsˆzAsˆzB , J ≠ 0.
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Since the spins are taken to be spatially separated, this
is a simple model for an extended system whose energy-
level structure cannot be localized at any one point. Now,
let us couple (locally and weakly) the spins to a quantum
field. The simplest spin-field interaction which would
lead to some interesting evolution is given by linearly
coupling one of the other spin components, say sˆxA(B),
with a massless, scalar quantum field Φˆ. However, this
would lead to a conservation law for the observable sˆxAsˆ
x
B ,
which, in turn, would split the state space of the spin sys-
tem as if it were two noninteracting (non-localized) spins.
In order to avoid such a symmetry, we shall consider the
following (time-dependent) Hamiltonian [6]:
Hˆ(τ) = −JsˆzAsˆzB + q ∑
j∈{x,y}
⎡⎢⎢⎢⎣ Φˆ
j
A(τ)sˆjA
u0A(τ) + Φˆ
j
B(τ)sˆjB
u0B(τ)
⎤⎥⎥⎥⎦ , (1)
where q ∈ R is a dimensionless (scalar) coupling con-
stant, Φˆj
A(B)(τ) ∶= Φˆj(τ, x⃗A(B)(τ)) are massless, scalar
quantum fields — which are independent for different
j ∈ {x, y} — evaluated at the spins’ location x⃗A(B)(τ),
and u0A(B) ∶= dτ/dτA(B) is the time component of the
four-velocity of spin A(B), with τA(B) being its proper
time. (Equivalently, Φˆj may be seen as different compo-
nents of a massless vector field or as the real and imag-
inary parts of a complex scalar field.) The coordinate
system {(τ, x⃗)} would be arbitrary at this point. How-
ever, since we are going to consider that the system is
evolved through Eq. (2) below, it is necessary that τ rep-
resents the parameter of a time-translation symmetry of
the spacetime — ∂/∂τ is a time-like Killing field — and
that Hˆ given in Eq. (1) is the Hamiltonian of the system
in the (stationary) reference frame associated with this
symmetry. In particular, were the spins static in a in-
ertial frame, then τ would be conveniently set to be the
usual inertial time — for which u0A(B) = 1. For accel-
erated spins which are static in a uniformly accelerated
frame, as we are interested here, τ will be the proper
time of one of them, let us say τ = τA — which leads to
u0A = 1. The presence of u0A(B) in the interaction terms
accounts for the fact that Hˆ evolves the system in the
time parameter τ , while q ΦˆA(B)sˆjA(B), being a local in-
teraction, is related to the evolution in the time param-
eter τA(B). Such a model can be considered as an exten-
sion of the well-known spin-boson model, which is taken
as a paradigm for the study of the dissipative dynamics
of two-level systems [7].
Let ρˆ be the positive semidefinite, Hermitian, trace-
class operator (with trace 1) describing the state of the
whole universe (spins + fields). Its evolution is governed
by
i∂τ ρˆ = [Hˆ(τ), ρˆ], (2)
whose solution can be written as
ρˆ(τ) = Uˆ(τ, τ0)ρˆ0[Uˆ(τ, τ0)]−1, (3)
with ρˆ0 ∶= ρˆ(τ0) and Uˆ(τ, τ0) satisfying
i∂τ Uˆ(τ, τ0) = Hˆ(τ)Uˆ(τ, τ0), Uˆ(τ0, τ0) = 1ˆ. (4)
We are only interested in the reduced density matrix of
the spin system, obtained after tracing out the fields’
degrees of freedom (system’s reduced matrix):
ρˆs(τ) ∶= trΦ [ρˆ(τ)] . (5)
Motived by the results obtained from the spin-boson
model [7], we shall treat the coupling with the quan-
tum fields as a (time-dependent) perturbation, Vˆ (τ) ∶=
q∑j∈{x,y}[ΦˆjA(τ)sˆjA/u0A(τ) + ΦˆjB(τ)sˆjB/u0B(τ)], on the
free Hamiltonian Hˆ0 = −JsˆzAsˆzB . Indeed, under this
regime, namely, the weak coupling regime, the spin-
boson model provides means for observing spin thermal-
ization process, with predicted decoherence/relaxation
time scales matching those observed in physical systems
satisfying the conditions imposed. For that, we write
Uˆ(τ, τ0) = e−iHˆ0(τ−τ0)UˆI(τ, τ0), where UˆI satisfies
i∂τ UˆI(τ, τ0) = HˆI(τ)UˆI(τ, τ0), UˆI(τ0, τ0) = 1ˆ, (6)
with
HˆI(τ) ∶= eiHˆ0∆τ Vˆ (τ)e−iHˆ0∆τ
= q ∑
j∈{x,y}
⎡⎢⎢⎢⎣ Φˆ
j
A(τ)sˆjA(τ)
u0A(τ) + Φˆ
j
B(τ)sˆjB(τ)
u0B(τ)
⎤⎥⎥⎥⎦ , (7)
where ∆τ ∶= τ − τ0 and
sˆjM(τ) = sˆjM cos(J∆τ2 ) + 2i [sˆjM , sˆzM ] sˆzM¯ sin(J∆τ2 ) , (8)
with M ∈ {A,B} and A¯ ∶= B, B¯ ∶= A.
Solving Eq. (6) iteratively (as a Dyson series), work-
ing consistently up to second order in q, and restricting
attention to the case where the initial state is simply
separable, ρˆ0 = ρˆs0⊗ ρˆΦ0, where ρˆs0 and ρˆΦ0 describe the
initial state of the spin system and of the fields, respec-
tively, we obtain, from Eq. (5):
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ρˆs(τ) = e−iHˆ0∆τ
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
ρˆs0 − q2
2
∑
M,N ∈ {A,B}
j ∈ {x, y}
∫ τ
τ0
dτ ′
u0M(τ ′) ∫ ττ0 dτ
′′
u0N(τ ′′) iGjF (x′M , x′′N)T{[sˆjM(τ ′), sˆjN(τ ′′)ρˆs0]} +H.c.
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
eiHˆ0∆τ
+O(q3), (9)
where H.c. stands for the Hermitian conjugate of
the term which precedes it and iGjF (x′, x′′) ∶=
trΦ {ρˆΦ0T [Φˆj(x′)Φˆj(x′′)]} are the time-ordered Feyn-
man correlators in state ρˆΦ0. (The usual time-ordering
operator T appearing explicitly in the second line of
Eq. (9) must be applied before the commutator is ex-
panded.) Since we are interested only in the effects of
quantum fluctuations of Φˆj on the spin system, we have
already assumed ⟨Φj(x)⟩ ∶= trΦ {ρˆΦ0Φˆj(x)} = 0, which,
together with the independence of Φˆj for different j, im-
plies trΦ {ρˆΦ0Φˆx(x′)Φˆy(x′′)} = 0. Also, we restrict at-
tention to the case where iGxF (x′, x′′) ≡ iGyF (x′, x′′) =∶
iGF (x′, x′′), which applies to the situation in which we
are most interested.
A. Static spins’ arrangements in static field states
Restricting attention to static spins’ arrangements x⃗A,
x⃗B and static field states ρˆΦ0 (w.r.t. the time param-
eter τ), it follows that GF (x′M , x′′N) can depend on
τ ′ and τ ′′ only through the combination ξ ∶= τ ′ − τ ′′,
GF (x′M , x′′N) =∶ GMN(ξ) — in addition to u0M(τ) ≡ u0M
being constant. This suggests that it may be more con-
venient, in the second-order term of Eq. (9), to perform
a change of integration variables to η ∶= (τ ′ + τ ′′)/2 and
ξ. Notice that, by construction, GMN(ξ) = GNM(−ξ),
which, in particular, implies that GAA(ξ) and GBB(ξ)
are even distributions w.r.t. ξ. But staticity also implies
that GAB(ξ) and GBA(ξ) are even distributions w.r.t. ξ;
hence, GAB(ξ) ≡ GBA(ξ). Using Eq. (8) into Eq. (9),
the integral in η can be explicitly evaluated, leading to:
eiHˆ0∆τ ρˆs(τ)e−iHˆ0∆τ = ρˆs0 − q2
2
∑
M,N∈{A,B}∫ ∆τ−∆τ dξ iGMN(ξ)u0Mu0N {(∆τ − ∣ξ∣) [Cˆ(+)(MN) cos(Jξ2 ) + Dˆ(−)(MN) sin(J ∣ξ∣2 )]
+ 2
J
sin(J(∆τ − ∣ξ∣)
2
)[Cˆ(−)(MN) cos(J∆τ2 ) + Dˆ(+)(MN) sin(J∆τ2 )]} +H.c. +O(q3), (10)
where
Cˆ
(±)
MN ∶= ∑
j∈{x,y}{12 [sˆjM , sˆjN ρˆs0] ± 2 [sˆj¯M sˆzM¯ , sˆj¯N sˆzN¯ ρˆs0]} ,
(11)
Dˆ
(±)
MN ∶= ∑
j∈{x,y} jj¯ {[sˆj¯M sˆzM¯ , sˆjN ρˆs0] ± [sˆjM , sˆj¯N sˆzN¯ ρˆs0]} ,
(12)
with x¯ ∶= y, y¯ ∶= x, xy = −yx = 1, and indices M,N
inside parentheses in Eq. (10) denote symmetrization:
X(MN) ∶= (XMN +XNM)/2.
B. Markovian regime
As it stands, Eq. (10), being a truncated perturbative
expansion, is not appropriate to investigate long-term
features of the spin system, as relaxation to an even-
tual equilibrium state when ∆τ → ∞. In this limit, the
second-order term in q is, in general, unbounded and,
therefore, cannot be consistently considered as provid-
ing a “small” deviation from the free evolution. We can,
nevertheless, try to break long-term evolution into a se-
quence of N (≫ 1) time lapses ∆τ such that in each
time lapse, for sufficiently small coupling q, the spins’
evolution is well described by Eq. (10). This strategy is
trivially valid for closed systems. Here, however, since
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tracing out the fields’ degrees of freedom at the end of
each time step does not necessarily lead to the same re-
sult as taking the trace only after N steps, the validity
of this decomposition depends on the existence of an ap-
propriate time lapse ∆τ and a sequence of field states{ρˆΦk}k=0,1,...,N−1 such that
trΦ {ρˆ(τk+1)} = trΦ {Uˆk+1,k trΦ [ρˆ(τk)]⊗ ρˆΦk Uˆ−1k+1,k},(13)
where τk ∶= τ0 + k∆τ and Uˆl,k ∶= Uˆ(τl, τk) =
e−iHˆ0(l−k)∆τ UˆI(τl, τk) (see Fig. 1).
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FIG. 1: Schematic representation of Eq. (13). The full (uni-
tary) evolution in the space of trace-class operators describing
the universe, T (Hs ⊗HΦ), must induce a discrete dynamical
map on the space of trace-class operators describing the spin
system, T (Hs), in such a way that operators Sl,k, l ≥ k, de-
fined in Eq. (14), compose like Sm,l ⋅ Sl,k = Sm,k (semigroup
property).
The condition expressed in Eq. (13) is impracticable
since it assumes knowledge of the whole system evolution
ρˆ(τ). However, we can work with a more convenient
(although stronger) condition obtained by defining the
family of trace-preserving maps Sl,k,
Sl,k (ρˆs) ∶= trΦ {Uˆl,k ρˆs ⊗ ρˆΦk Uˆ−1l,k} , l ≥ k, (14)
acting on the space of trace-class operators T (Hs) ∋ ρˆs
describing the spin system, and asking if there is a regime
(i.e., values of ∆τ and {ρˆΦk}k=0,1,...) such that these
maps satisfy the composition law Sm,l ⋅ Sl,k = Sm,k,
m ≥ l ≥ k (semigroup property). If this can be es-
tablished, then Eq. (13) holds for an arbitrary simply-
separable initial state ρˆ0 = ρˆs0⊗ ρˆΦ0. We call this regime
Markovian, for ρˆs(τk+1) = Sk+1,k(ρˆs(τk)). Note, re-
calling Uˆ(τ, τ0) = e−iHˆ0(τ−τ0)UˆI(τ, τ0), that Sl,k (ρˆs) =
El−k0 (SIl,k (ρˆs)), where E0(⋅) ∶= e−iHˆ0∆τ(⋅)eiHˆ0∆τ is the
free evolution on T (Hs) and SIl,k is given by Eq. (14)
with Uˆ substituted by UˆI .
A reasonable ansatz for the sequence {ρˆΦk}k=0,1,...,N−1
of field states is the one obtained by applying the analo-
gous of Eq. (13) for obtaining the reduced density matrix
describing the field state; i.e., substituting, in Eq. (13),
trΦ by trs and ρˆΦk by ρˆsk = ρˆs(τk). This, together with
Eq. (13), would lead to a coupled evolution of reduced
density matrices ρˆs(τk) and ρˆΦ(τk). In our case of inter-
est, however, we expect, on physical grounds, that after
some transient time — related to the time needed for the
spins to exchange information via fields and the decay of
the field’s correlation functions —, the field state with
which the spins interact continues to be well approxi-
mated by the initial stationary state, so that ρˆΦk = ρˆΦ0
may provide a good candidate sequence. Indeed, the de-
scription put forward here is the one associated with the
Markov approximation assumed in the context of open
quantum systems [8, 9]. There it is well established that
such an approximation furnishes a good description for
the system’s reduced dynamics as long as the key ele-
ments are satisfied, namely, i) the environment role is
played by a large system (huge number of degrees of
freedom) in a thermal state; ii) the system-environment
coupling can be considered weak; iii) the environment-
correlation-functions time decay must be much shorter
than the system evolution time scale.
As a consequence of this approximation, Sl,k only de-
pends on l − k and the composition rule then demands
El−k0 ⋅ SIl,k = (E0 ⋅ SI)l−k , (15)
where, for sufficiently small coupling q, SI(ρˆs) ∶=
SIk+1,k(ρˆs) ≈ (1 − q2R∆τ) ρˆs can be read from the right-
hand side of Eq. (10) — substituting ρˆs0 by ρˆs in
Eqs. (11) and (12); the linear transformationR∆τ , acting
on T (Hs), stands for the second-order term of Eq. (10)
for a given time lapse ∆τ .
Summing up, the strategy of breaking down long-term
evolution of the (open) spin system into N limited time
steps ∆τ , for each of which Eq. (10) can be applied, de-
pends on the validity of Eq. (15) for some ∆τ . In partic-
ular, for n time steps such that Eq. (10) can still be used
for the time lapse n∆τ , Eq. (15) implies
Rn∆τ =R∆τ +E−10 ⋅R(n−1)∆τ ⋅E0. (16)
The linear transformations E0 and R∆τ acting on the
space of density matrices can be explicitly represented as
16×16 matrices once a basis for the spin states and an or-
dering of indices of ρˆs are chosen. For instance, one could
use the product states ∣±⟩A∣±⟩B as elements of the basis
— where sˆzM ∣±⟩M = ±(1/2)∣±⟩M —, define the density-
matrix elements ραβα′β′ ∶= B⟨β∣A⟨α∣ρˆ∣α′⟩A∣β′⟩B , and then
sort these elements in a column matrix as
ρˆ = (ρ++++ ρ+++− ρ++−+ ρ++−− ρ+−++ . . . ρ−−−−)⊺ . (17)
This would lead to a particular representation of E0 and
R∆τ . The physical conclusions are, of course, indepen-
dent of the representation that is chosen.
It turns out that E0 and R∆τ assume simpler forms
when density matrices are expressed in the Bell basis,
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formed by the elements
∣Ψ(±)AB⟩ ∶= 1√
2
(∣+⟩A∣+⟩B ± ∣−⟩A∣−⟩B) , (18)
∣Φ(±)AB⟩ ∶= 1√
2
(∣+⟩A∣−⟩B ± ∣−⟩A∣+⟩B) . (19)
In this representation, E0 is diagonal — as in the
product-state basis — and R∆τ is “almost diagonal”:
all but 32 (out of the 240) off-diagonal terms vanish. In
addition, one can explicitly check that the part of R∆τ
associated with Cˆ
(+)(MN) and Dˆ(−)(MN) commutes with the
free evolution E0, which is not the case for the part as-
sociated with Cˆ
(−)(MN) and Dˆ(+)(MN).
Considering that the Feynman correlators appearing
in Eq. (10) decrease fast enough for ξ ≫ d, one can verify
that for a (limited) ∆τ ≫ J−1, d, Eq. (10) assumes the
asymptotic form
eiHˆ0∆τ ρˆs(τ) e−iHˆ0∆τ ∆τ≫J−1,d∼ ρˆs0 − q2
2
∆τ ∑
M,N∈{A,B}{ipiG̃MN(J/2) Cˆ(+)(MN) −PJ/2 [iG̃MN ] Dˆ(−)(MN)} +H.c. +O(q3),
(20)
where
G̃MN(ω) ∶= 1
2pi
∫ ∞−∞ dξ GMN(ξ)u0Mu0N eiωξ (21)
and
Pa[f] ∶= lim
→0∫R/[−,] f(x + a)x dx. (22)
Therefore, in this regime, R∆τ is linear in ∆τ , R∆τ ≡
∆τ R0, and commutes with the free evolution E0 (see re-
marks above). This is enough to guarantee that Eq. (16)
is satisfied. Thus, for sufficiently small q, we have:
ρˆs(τN) = SN,0 (ρˆs0)= e−iHˆ0N∆τ (e−q2R0N∆τ ρˆs0) eiHˆ0N∆τ . (23)
In Appendix A, we list all eigenvalues λk and (right)
eigenvectors (or “eigenmatrices”) ρˆk ofR0 (k = 1, . . . ,16),
which encode complete information about the evolution
of the spin system — it is important to stress that each
individual mode ρˆk does not necessarily have to repre-
sent a physical state. It is easy to verify — noting that∣Ψ(±)AB⟩, ∣Φ(±)AB⟩ are also eigenstates of the free Hamiltonian,
Hˆ0∣Ψ(±)AB⟩ = −(J/4)∣Ψ(±)AB⟩, Hˆ0∣Φ(±)AB⟩ = (J/4)∣Φ(±)AB⟩ —
that these eigenmatrices ρˆk are also eigenmatrices of the
free evolution: E0(ρˆk) = e−iHˆ0∆τ ρˆkeiHˆ0∆τ = e−iEk∆τ ρˆk,
where, depending on k, Ek = 0,±J/2. Therefore, pro-
vided Re(λk) ≥ 0 — as will be verified later in our cases
of interest —, we finally obtain the evolution of the spin
system in the Markovian regime (see Appendix A):
ρˆs(τN) = 16∑
k=1 cke
−(q2λk+iEk)N∆τ ρˆk N→∞→ ρˆ1 =∶ ρˆeq, (24)
where the coefficients ck are uniquely determined by the
initial condition ∑16k=1 ckρˆk = ρˆs0 — in particular, c1 =
trs {ρˆs0} = 1.
The “mode” of ρˆs associated with the null eigenvalue,
ρˆ1 — which gives the final equilibrium state —, is di-
agonal in the Bell basis. Therefore, regardless the form
of the Feynman correlator GMN — provided R0 has no
eigenvalue with negative real part —, the spin system
evolves to a statistical mixture of Bell states, with popu-
lations which depend on the specific form of GMN . No-
tice from Eq. (A9), however, that ∣Ψ(±)AB⟩ are equally pop-
ulated regardless the form of GMN , which means that
the equilibrium state is also a statistical mixture of the
separable states ∣+⟩A∣+⟩B and ∣−⟩A∣−⟩B . The same is not
true for ∣Φ(±)AB⟩: depending on GMN , the final equilibrium
state may preserve correlations between ∣+⟩A∣−⟩B and∣−⟩A∣+⟩B . These results can be summarized as follows:
in general, the spin system will loose coherence in any
basis which diagonalizes, simultaneously, the free Hamil-
tionian Hˆ0 and the total spin Sˆ
2 ∶= ∑j∈{x,y,z} (sˆjA + sˆjB)2.
III. UNIFORMLY ACCELERATED SPINS
INITIALLY IN THE VACUUM STATE:
ρˆ0 = ρˆs0 ⊗ ∣0⟩⟨0∣
Finally, in this section we apply the general expressions
obtained above to our case of interest: uniformly acceler-
ated spins in the vacuum. The vacuum state ∣0⟩ of a free,
massless scalar field is characterized as being the (unique)
Poincare´-invariant state of the theory. The vacuum ex-
pectation value of the field vanishes, ⟨0∣Φˆ(x)∣0⟩ = 0,
whereas its two-point (Wightman) function is given by
W (x,x′) ∶= ⟨0∣Φˆ(x)Φˆ(x′)∣0⟩ = 1
4pi2σ(x,x′) , (25)
where σ(x,x′) is the (-regularized) square of the
geodesic “distance” between events x and x′ — which
is obtained from the square of the geodesic distance,
σ(x,x′), by introducing an infinitesimal negative imagi-
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FIG. 2: Contour plot of Eq. (26) along the plane ζ = ζ ′ = 0,
with d2 = (x − x′)2 + (y − y′)2. Its absolute value increases
exponentially except in the horizontal direction of the plot,
along which it increases according to the square of the (spa-
tial) distance. Therefore, field correlations in general decay
(at least) exponentially, except for purelly spatial separations
in the massless-field case.
nary part (−i) into the time coordinate of the first event
x. In terms of inertial Cartesian coordinates {(t, x, y, z)},
σ(x,x′) = −(t − t′)2 + (x − x′)2 + (y − y′)2 + (z − z′)2,
whereas in terms of coordinates {(τ, x, y, ζ)} well adapted
to a uniformly accelerated frame — in which t = (ζ +
a−1) sinh(aτ), z = (ζ + a−1) cosh(aτ) —, we have [10]:
σ(x,x′) = − 4
a2
(aζ + 1)(aζ ′ + 1) [sinh(a(τ − τ ′)
2
)]2
+(x − x′)2 + (y − y′)2 + (ζ − ζ ′)2. (26)
The coordinate τ is the proper time of an accelerated
observer static at ζ = 0, whose proper acceleration is a.
Note that field correlations which decay polynomially in
inertial frames in general decay exponentially in the ac-
celerated frame, unless the separation of the points is
taken in very particular ways (e.g., finite τ − τ ′ while
spatial distance gets arbitrarily large; see Fig. 2). It is
important to point out (for the sake of footnote [4]) that τ
does represent a time-translation symmetry of the space-
time — ∂/∂τ is a time-like Killing field known as the
boost Killing field.
A. Same proper acceleration
Let us first consider the case where the spins are uni-
formly accelerated perpendicularly to their spatial sepa-
ration, with the same proper acceleration. Then, one can
obtain explicit expressions for the three Feynman corre-
lators appearing in Eq. (10) from Eq. (25) and noting
that in the coordinates {(τ, x, y, ζ)} introduced above,
the uniformly accelerated spins’ trajectories can be cho-
sen to be xA(τ) ≡ yA(τ) ≡ ζA(τ) ≡ yB(τ) ≡ ζB(τ) ≡ 0,
xB(τ) ≡ d, where d is the spatial separation between the
spins (in their rest frame), and, conveniently, τ ≡ τA ≡ τB
(i.e., u0A = u0B = 1). Thus,
σ(xA, x′A) = σ(xB , x′B) = − 4a2 [sinh(aξ2 )]2 , (27)
σ(xA, x′B) = σ(xB , x′A) = − 4a2 [sinh(aξ2 )]2 + d2,(28)
where ξ = τ − τ ′. Substituting Eqs. (27) and (28)
into Eq. (25), using that iGMN(ξ) = θ(ξ)W (xM , x′N) +
θ(−ξ)W (x′N , xM) — where θ(ξ) is the Heaviside step
function —, we obtain from Eq. (21):
iG̃AA(ω) = iG̃BB(ω) = 1
8pi2
[ω coth(piω
a
) − i lim
→0+ 1 ] ,
(29)
iG̃AB(ω) = sin ( 2ωa sinh−1 (ad2 ))
4pi2d
√
4 + a2d2 [coth(piωa )−i cot(2ω
a
sinh−1 (ad
2
))] . (30)
The complex infinite in Eq. (29) is a consequence of the
“too-singular” (ultraviolet) behavior of GMM(ξ) at the
vertex of the light cone. One could “smooth” this singu-
larity by smearing out the position of the spins. However,
this is not necessary for our purposes since it does not
affect any physical result [notice, from Eqs. (A1)-(A6)
that this divergence only contributes — equally — to
β±s , which, by their turn, only appear in Eqs. (A19) and
(A22), in such a way that the divergences cancell out].
With the help of Eq. (4.115.8) of Ref. [11], we can calcu-
late PJ/2 [iG̃AA] = PJ/2 [iG̃BB] and PJ/2 [iG̃AB] — the
former being obtained from the limit d→ 0+ of the latter:
PJ/2 [iG̃AA] = PJ/2 [iG̃BB] = J
8pi2
(− lim
→0+ ln  + ipi2 ) ,
(31)
PJ/2 [iG̃AB] = 1
4pi2d
√
4 + a2d2 [F ( J2a, sinh−1 (ad2 ))+ipi sin(J
a
sinh−1 (ad
2
))] , (32)
where
F(x, y) ∶= − 1
x
+ pi cos (2xy) coth (pix) − 2x ∞∑
n=1
e−2ny
n2 + x2
= − 1
x
+ pi cos (2xy) coth (pix)−Re{i e2ixyBe−2y (1 + ix,0)} (33)
and Bz(x, y) ∶= ∫ z0 dt tx−1(1− t)y−1 is the incomplete Eu-
ler β function. Again, a divergence related to the sin-
gular behavior of GMM(ξ) at ξ = 0 appears in Eq. (31).
This time, however, it is not obvious that this divergence
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will bear no consequence on physical results. And in
fact, although the main features of the spins’ evolution
(the final equilibrium state and relaxation/decoherence
time scales) are completely oblivious to such a divergence
(see Appendix A), transient observables (namely, the fre-
quency of oscillation of some decaying modes) do depend
on the real part of PJ/2 [iG̃MM ] [see, again, Eqs. (A4),
(A19), and (A22)].
With Eqs. (29)-(33) at hand, we can evaluate all
nonzero eigenvalues λk (k = 2, . . . ,16) listed in Ap-
pendix A, which are related, through Eq. (24), to the de-
coherence/relaxation rates of the spins’ system. In Fig. 3,
we plot all these rates (normalized by q2) as a function
of the proper acceleration a, for different separations d.
In case d ≳ J−1, there are basically two regimes of accel-
eration: a ≪ J — in which modes ρˆ4, ρˆ5, ρˆ6 (all belong-
ing to the lowest-energy subspace — see Appendix A)
dictate how the system approaches equilibrium with a
relaxation/decoherence rate given by q2Je−piJ/a/(8pi) —
and a ≫ J — in which all relaxation/decoherence rates
degenerate in just two values: q2a/(8pi2) and twice this
value. Such a result, namely, a relaxation rate that
scales as a power law of the temperature — recall that
TU = a/(2pi) — is known to be a signature of certain in-
ertial baths in the limit of high temperatures. Indeed,
for the class of baths known as Ohmic environments, it
is precisely established for the spin-boson model that the
decay rate will have a power law dependence, which is
linear in a second order system-bath coupling pertur-
bation theory [7]. In case d ≪ J−1, there appears a
third, moderate regime of acceleration (J ≲ a ≲ d−1) in
which mode ρˆ3 dictates how equilibrium is approached,
with a relaxation/decoherence rate given approximately
by q2Jd2a2/(12pi).
In Fig. 4, we plot the same decoherence/relaxation
rates, now as a function of the spins’ separation d, for
different values of proper acceleration a.
From Eq. (24), we see that the accelerated spin system
evolves to an equilibrium state ρˆeq = ρˆ1 given by Eq. (A9).
Using Eqs. (29)-(33), this equilibrium state reads
ρˆeq = 1Z [epiJ/(2a) (∣Ψ(+)AB⟩⟨Ψ(+)AB ∣ + ∣Ψ(−)AB⟩⟨Ψ(−)AB ∣)+e−piJ/(2a) (∣Φ(+)AB⟩⟨Φ(+)AB ∣ + ∣Φ(−)AB⟩⟨Φ(−)AB ∣)]
= e−βU Hˆ0Z , (34)
where Z ∶= 2 [epiJ/(2a) + e−piJ/(2a)] = trs(e−βU Hˆ0) and
βU ∶= 2pi/a. In other words, for any initial state ρˆs0, the
final equilibrium state ρˆeq of the spin system is the Gibbs
thermal state with the Unruh temperature β−1U = a/(2pi).
The spin system thermalizes due to the vacuum fluctua-
tions it experiences in its accelerated frame, vindicating
the Unruh effect also for an extended system.
B. Different proper accelerations
Now, we consider the spatial separation d of the two
spins to be along the direction of their accelerations:
xA(τ) ≡ yA(τ) ≡ ζA(τ) ≡ xB(τ) ≡ yB(τ) ≡ 0, ζB(τ) ≡ d.
In this case, τ ≡ τA ≡ τB/(1 + ad) and a continues to be
the proper acceleration of spin A, while spin-B proper
acceleration is given by aB = a/(1 + ad) [10]. Therefore,
according to the Unruh effect, each spin sees a different
local temperature at its position, which has led some to
question the physical reality of these equilibrium temper-
atures [5].
Substituting the spins’ worldlines into Eq. (26),
Eqs. (27) and (28) are replaced by:
σ(xA, x′A) = σ(xB , x′B)(1 + ad)2 = − 4a2 [sinh(aξ2 )]2 , (35)
σ(xA, x′B) = σ(xB , x′A) = −4(1 + ad)a2 [sinh(aξ2 )]2 + d2,
(36)
which, in turn, using u0A = 1 and u0B = 1/(1 + ad) in
Eq. (21), lead to
iG̃AA(J/2) = iG̃BB(J/2)= 1
8pi2
[J
2
coth(piJ
2a
) − i lim
→0+ 1 ] , (37)
iG̃AB(J/2) = (1 + ad) sin (Ja sinh−1 ( ad2√1+ad))
4pi2d (2 + ad)× [coth(piJ
2a
)
−i cot(J
a
sinh−1 ( ad
2
√
1 + ad))] ,
(38)
PJ/2 [iG̃AA] = PJ/2 [iG̃BB]= J
8pi2
(− lim
→0+ ln  + ipi2 ) , (39)
PJ/2 [iG̃AB] = (1 + ad)
4pi2d (2 + ad)
× [F ( J
2a
, sinh−1 ( ad
2
√
1 + ad))
+ipi sin(J
a
sinh−1 ( ad
2
√
1 + ad))] , (40)
where F is still given by Eq. (33). With these equations,
we can redo the analysis presented in the previous subsec-
tion, substituting them into Eqs. (A1)–(A7) and calcu-
lating the eigenvalues and eigenmatrices which determine
the evolution of the spins’ system [Eqs. (A8)–(A28)].
As it turns out, the fact that G̃AA = G̃BB also in this
case of different proper accelerations leads to an overall
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FIG. 3: Decay rates (normalized by q2), Re(λk) — k = 2 (solid, black line), 3 (dashed, red line), 4,5,6 (solid, blue line), 7,8,9,10
(dotted, red line), 11,12,13,14 (dashed, black line), 15,16 (solid, red line) —, of the decaying modes of the spin system, as
functions of the spins’ acceleration a, for different separations d. Unless d ≪ J−1 — in which case mode ρˆ3 dominates the
late-time dynamics for J ≲ a ≲ d−1 —, modes ρˆ4, ρˆ5, ρˆ6 (all belonging to the lowest-energy subspace) dictate how the system
approaches equilibrium with a relaxation/decoherence rate given by q2J/ [8pi (epiJ/a − 1)].
behavior very similar to the case of equal accelerations
(Subsec. III A). This can be readily seen from Figs. 5
and 6 — where we plot the relaxation/decoherence rates
(as measured by observers static at ζ = 0) of the spins’
system as functions of the (spin-A) proper acceleration
a and as functions of the separation d, respectively —,
which should be compared with Figs. 3 and 4. Note that
the corresponding figures are almost identical, making all
the discussion of Subsec. III A valid also for this scenario
of different proper accelerations. In order to better vi-
sualize the effect of the unequal proper accelerations on
the spins’ system, we plot in Fig. 7 the ratio between the
relaxation/decoherence rates for different accelerations,
Re(λdiff), and for equal accelerations, Re(λeq), for each
decaying mode of the reduced density matrix. We see
that intermediate values of ad lead to maximum differ-
ences between these two scenarios.
Most important for our purposes, though, is the fact
that, as in the case of equal accelerations, the final equi-
librium state ρˆ1 takes the form of the Gibbs state given
by Eq. (34), regardless the initial state ρˆs0 and the val-
ues of the parameters J , a, and d; i.e., the spins’ system
thermalizes at a temperature β−1U = a/(2pi) according to
observers at ζ = 0. As for observers at ζ = d, with spin
B — for whom the proper time is τ˜ = (1 + ad)τ [10]
—, the same Gibbs state describes thermal equilibrium
at temperature TB = a/[2pi(1 + ad)] = aB/(2pi), since,
for them, the Hamiltonian of the spins’ system [i.e., the
time-evolution operator appearing in Eq. (2) with τ sub-
stituted by τ˜/(1 + ad)] is given by Hˆ/(1 + ad). Although
the observed local temperatures are different, the final
state is a true thermal equilibrium state for all observers
simultaneously, once more corroborating the physical re-
ality of the Unruh thermal bath for an extended system.
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FIG. 4: Decay rates (normalized by q2), Re(λk) (using same style code as in Fig. 3), as functions of the distance d between
the spins, for different accelerations a. Note that for any a > 0, the relaxation rate of mode ρˆ3 goes to zero as d→ 0.
IV. CONCLUSION
We made use of two spins directly coupled to each
other and linearly (and weakly) coupled to quantum
fields in the vacuum state in order to show that the stan-
dard interpretation of the Unruh effect — that the in-
ertial vacuum state acts as a legitimate thermal reser-
voir according to uniformly accelerated observers — is
strictly correct even when considering extended systems,
contrary to recent claims in the literature [4, 5]. Al-
though simple, our extended system captures all features
used in the literature to argue against the physical re-
ality of the Unruh temperature. Therefore, there is no
reason to believe that our conclusions would not hold for
more complex extended systems. In particular, a dra-
matic conjectured consequence is the existence of a criti-
cal acceleration above which an accelerated magnet in the
vacuum would be demagnetized, something which would
be hard to anticipate if it were not for the Unruh effect.
This complex situation is currently under investigation.
Acknowledgments
C. U. L. acknowledges full financial support from Sa˜o
Paulo Research Foundation (FAPESP) through Grant
No. 2012/24728-0. F. B. is supported by the Instituto
Nacional de Cieˆncia e Tecnologia - Informac¸a˜o Quaˆntica
(INCT-IQ). J. H. was supported by Conselho Nacional de
Desenvolvimento Cient´ıfico e Tecnolo´gico (CNPq) Grant
No. 307548/2015-5 and FAPESP Grants No. 2015/23849-
7 and No. 2016/10826-1. D. V. acknowledges partial sup-
ported from FAPESP Grant No. 2013/12165-4. D. V.
also thanks George Matsas and Andre´ Landulfo for dis-
cussions in the early stages of this work.
Appendix A: Eigenvalues and eigenvectors of the
linear transformation R0 appearing in Eq. (23)
Here, we present the eigenvalues λk and eigenmatrices
ρˆk of the linear transformation R0, in terms of the Bell
states defined in Eqs. (18) and (19). First, we define the
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FIG. 5: Decay rates (normalized by q2 and measured by observers at spin-A location), Re(λk), of the decaying modes of the
spin system, as functions of the spin-A acceleration a, for different separations d. We use the same style code as in Fig. 3, to
which it is almost identical.
following real quantities:
α±s ∶= pi2 [Re{iG̃AA(J/2)} +Re{iG̃BB(J/2)}]±1
2
[Im{PJ/2 [iG̃AA]} + Im{PJ/2 [iG̃BB]}] ,
(A1)
∆α±s ∶= pi2 [Re{iG̃AA(J/2)} −Re{iG̃BB(J/2)}]±1
2
[Im{PJ/2 [iG̃AA]} − Im{PJ/2 [iG̃BB]}] ,
(A2)
α±i ∶= piRe{iG̃AB(J/2)} ± Im{PJ/2 [iG̃AB]} , (A3)
β±s ∶= pi2 [Im{iG̃AA(J/2)} + Im{iG̃BB(J/2)}]
±1
2
[Re{PJ/2 [iG̃AA]} +Re{PJ/2 [iG̃BB]}] ,
(A4)
∆β±s ∶= pi2 [Im{iG̃AA(J/2)} − Im{iG̃BB(J/2)}]±1
2
[Re{PJ/2 [iG̃AA]} −Re{PJ/2 [iG̃BB]}] ,
(A5)
β±i ∶= piIm{iG̃AB(J/2)} ±Re{PJ/2 [iG̃AB]} , (A6)
from which all iG̃MN(J/2) and PJ/2 [iG̃MN ] [defined in
Eqs. (21) and (22)] can be reconstructed. Also, let r0, r±
be the roots of the polynomial
P (r) ∶= r3 − 2(α−s + 2α+s )r2 + 4 [(α+s )2 + 2α−sα+s + (β−i )2 −∆α−s∆α+s ] r − 8α−s [(α+s )2 + (β−i )2] + 8α+s∆α−s∆α+s , (A7)
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FIG. 6: Decay rates (normalized by q2 and measured by observers at spin-A location), Re(λk) (using same style code as in
Fig. 3), as functions of the distance d between the spins, for different spin-A accelerations a. Again, note the extreme similarity
with Fig. 4.
ordered, by convention, in such a way that they are
continuous functions of ∆α+s∆α−s and, for small enough
∆α+s∆α−s , r0 ≈ 2α−s + O(∆α+s∆α−s ), r± ≈ 2(α+s ± iβ−i ) +
O(∆α+s∆α−s ). Then, the eigenvalues and eigenmatrices
are:
λ1 = 0, (A8)
ρˆ1 = 1
2 [(α+s )2 − (α+i )2 + α+sα−s − α+i α−i ] {[(α+s )2 − (α+i )2] (∣Ψ(+)AB⟩⟨Ψ(+)AB ∣ + ∣Ψ(−)AB⟩⟨Ψ(−)AB ∣)+(α+s + α+i )(α−s − α−i ) ∣Φ(−)AB⟩⟨Φ(−)AB ∣ + (α+s − α+i )(α−s + α−i ) ∣Φ(+)AB⟩⟨Φ(+)AB ∣} ;(A9)
λ2 = 2α+s + α−s +√(α−s )2 + 4α+i (α+i + α−i ), (A10)
ρˆ2 = ∣Ψ(+)AB⟩⟨Ψ(+)AB ∣ + ∣Ψ(−)AB⟩⟨Ψ(−)AB ∣ − ⎡⎢⎢⎢⎣1 +
√(α−s )2 + 4α+i (α+i + α−i ) − α−s
2α+i
⎤⎥⎥⎥⎦ ∣Φ(+)AB⟩⟨Φ(+)AB ∣
−⎡⎢⎢⎢⎣1 −
√(α−s )2 + 4α+i (α+i + α−i ) − α−s
2α+i
⎤⎥⎥⎥⎦ ∣Φ(−)AB⟩⟨Φ(−)AB ∣; (A11)
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FIG. 7: Ratio between the decay rates for different accel-
erations, Re(λdiff), and for equal accelerations, Re(λeq), for
each decaying mode (using the same style code as in Fig. 3):
(a) as a function of spin-A’s proper acceleration a (for fixed
d = J−1) and (b) as a function of the spins’ separation d (for
fixed a = J).
λ3 = 2α+s + α−s −√(α−s )2 + 4α+i (α+i + α−i ), (A12)
ρˆ3 = ∣Ψ(+)AB⟩⟨Ψ(+)AB ∣ + ∣Ψ(−)AB⟩⟨Ψ(−)AB ∣ − ⎡⎢⎢⎢⎣1 −
√(α−s )2 + 4α+i (α+i + α−i ) + α−s
2α+i
⎤⎥⎥⎥⎦ ∣Φ(+)AB⟩⟨Φ(+)AB ∣
−⎡⎢⎢⎢⎣1 +
√(α−s )2 + 4α+i (α+i + α−i ) + α−s
2α+i
⎤⎥⎥⎥⎦ ∣Φ(−)AB⟩⟨Φ(−)AB ∣; (A13)
λ4 = 2α−s = λ5, (A14)
ρˆ4 = ∣Ψ(+)AB⟩⟨Ψ(+)AB ∣ − ∣Ψ(−)AB⟩⟨Ψ(−)AB ∣, (A15)
ρˆ5 = i∣Ψ(+)AB⟩⟨Ψ(−)AB ∣ − i∣Ψ(−)AB⟩⟨Ψ(+)AB ∣; (A16)
λ6 = r0, (A17)
ρˆ6 = ∣Ψ(+)AB⟩⟨Ψ(−)AB ∣ + ∣Ψ(−)AB⟩⟨Ψ(+)AB ∣
+2∆α−s ⎡⎢⎢⎢⎢⎣
∣Φ(+)AB⟩⟨Φ(−)AB ∣
r0 − 2(α+s + iβ−i ) + ∣Φ
(−)
AB⟩⟨Φ(+)AB ∣
r0 − 2(α+s − iβ−i )
⎤⎥⎥⎥⎥⎦ ;
(A18)
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λ7 = α+s + α−s − α+i + i(β+s − β−s + β−i ) = λ∗8= λ9 = λ∗10, (A19)
ρˆ7 = ∣Ψ(−)AB⟩⟨Φ(−)AB ∣ = ρˆ†8, (A20)
ρˆ9 = ∣Ψ(+)AB⟩⟨Φ(−)AB ∣ = ρˆ†10; (A21)
λ11 = α+s + α−s + α+i + i(β+s − β−s − β−i ) = λ∗12= λ13 = λ∗14, (A22)
ρˆ11 = ∣Ψ(−)AB⟩⟨Φ(+)AB ∣ = ρˆ†12, (A23)
ρˆ13 = ∣Ψ(+)AB⟩⟨Φ(+)AB ∣ = ρˆ†14; (A24)
λ15 = r−, (A25)
ρˆ15 = ∆α+s [∣Ψ(+)AB⟩⟨Ψ(−)AB ∣ + ∣Ψ(−)AB⟩⟨Ψ(+)AB ∣]
+2∆α+s∆α−s ⎡⎢⎢⎢⎢⎣
∣Φ(+)AB⟩⟨Φ(−)AB ∣
r− − 2(α+s + iβ−i ) + ∣Φ
(−)
AB⟩⟨Φ(+)AB ∣
r− − 2(α+s − iβ−i )
⎤⎥⎥⎥⎥⎦ ;
(A26)
λ16 = r+, (A27)
ρˆ16 = ∆α+s [∣Ψ(+)AB⟩⟨Ψ(−)AB ∣ + ∣Ψ(−)AB⟩⟨Ψ(+)AB ∣]
+2∆α+s∆α−s ⎡⎢⎢⎢⎢⎣
∣Φ(+)AB⟩⟨Φ(−)AB ∣
r+ − 2(α+s + iβ−i ) + ∣Φ
(−)
AB⟩⟨Φ(+)AB ∣
r+ − 2(α+s − iβ−i )
⎤⎥⎥⎥⎥⎦ .
(A28)
We note that in case ∆α+s∆α−s = 0 — which encom-
passes both scenarios analyzed in this work (Subsecs. III A
and III B) —, Eqs. (A17,A18,A25,A26,A27,A28) can be
conveniently reduced to λ6 = 2α−s , ρˆ6 = ∣Ψ(+)AB⟩⟨Ψ(−)AB ∣ +∣Ψ(−)AB⟩⟨Ψ(+)AB ∣, λ15 = 2(α+s −iβ−i ) = λ∗16, ρˆ15 = ∣Φ(−)AB⟩⟨Φ(+)AB ∣ =
ρˆ†16.
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